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Algebra: Rep Theory Notation

The dominant weights of GL,,, denoted A, are nonincreasing sequences of
integers A of length m. The dual of a weight A* is given by negating and reversing.

A=(3,1,1,0,—2), \* =(2,0,—1,—1, —3)

The minuscule weights are the fundamental weights w; and the dual funda-
mental weights w;".

=(1,1,...,1,0,0,...,0), w; =(0,0,...,0,—1,—1,...,—1)
Let cyipe oy =dm(Vyu® - ® Ve )¢Em be the Littlewood-Richardson co-

efficient. Recall that tensoring with a minuscule rep is multiplicity free.

Geometry: Polygon Spaces

Let Gr = GL,, (C((t))) /GL,, (C||t]]) be the A2
affine Grassmannian. There is a distance A/l Il 92 &3‘
function d : Gr x Gr — A,. For a sequence of n

> £V 93
dominant weights A define the based polygon VR /
space Poly(\) to be the set of A A" A

(g1, ..., gn—1) € Gr" 1 satistying d(gi_1, g;) = \"
Theorem(Geometric Satake): The number of components of Poly(X) is Cy.

Combinatorics: Hives

A 3-hive is a triangular array of

integers satisfying the rhombus A\
inequalities, for a unit rhombus the

sum across the short edge is at least

= (2,1,0) N =(2,1,0)

the sum across the long edge. An
n-hive is an (n — 1)-simplex worth of

integers satistying the rhombus A= (0, -2, —4)
inequalities on each 2-face and the
octahedron

recurrence, ¢ = max (a + ¢, b+ d) — e.

Theorem([2]): For a sequence of n dominant weights X the number of n-hives
with boundary A is cy.

Extroverted Triangulations

An extroverted triangulation of the n-gon consists of triangles each contain-
ing an edge of the n-gon. When the \* are minuscule the weights along the edges
of an extroverted triangulation uniquely determine an n-hive. We can get the rest
of the hive labels via repeated “excavations” of 4-hives.
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Main Result

Define an affine growth diagram to be an infinite periodic staircase labelled
by dominant weights such that each unit square satisfies the local rule and
the southwest and northeast diagonals are labelled by () = ...,0). An
extroverted triangulation defines a path in the staircase.

The Local Rule: ¢ = sort(a + 3 — )

Fix a component of Poly(X) and the corresponding n-hive with boundary \.
Given any extroverted triangulation 7 and weights along the edges of 7, fill in
a staircase diagram to the southeast according to the local rule to produce an

affine growth diagram. Then the resulting vertex labels are the weights of the
1-skeleton of the n-hive. Moreover, the components of Poly(\) are in bijection
with affine growth diagrams with A down the first southwest diagonal.

Arising from a different combinatorial consideration, the local rule appears in [3].
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Some Takeaways

i Rediscover Stanley-Sundaram/Roby bijection:
oscillating tableaux < fixed-point-free involutions
m Within bijection rediscover Fomin diagrams and the RS correspondence:
pairs of same shape tableaux <+ permutations
g Can “Knuthify” to get the bijection:
semistandard oscillating tableaux < fixed-point-free N involutions
@ Within bijection rediscover the RSK correspondence:
pairs of same shape semistandard tableaux <> N matrices

Full Example

Letn=6and Xl = X=X =(1,0,0,...,0), M= X=X =(0,...,0,0,—1).
Then Poly()\) has six components correspondmg to six hives Wlth boundary \
with weights along their 1-skeleton given by the following affine growth diagrams.
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